Abstract. This paper investigates order and topological properties of orderbounded sets in a locally solid Riesz space. We first re-visit the classical result saying that an order-bounded subset of a locally solid Riesz space is topologically bounded. We give examples to show that (i) the hypothesis "locally solid" cannot be dropped; (ii) the converse of this result is false in general. Then we give a condition under which a topologically bounded subset of a locally solid Riesz space is order-bounded. Next, several relevant order and topological properties are derived. Finally, we define the order bornology and describe its basic properties. [6] . A partially ordered set X is called a lattice if the infimum and supremum of any pair of elements in X exist. A real vector space X is called an ordered vector space if its vector space structure is compatible with the order structure in a manner such that (a) if x y, then x + z y + z for any z ∈ X; (b) if x y, then αx αy for all α 0. An ordered vector space is called a Riesz space (or a vector lattice) if it is also a lattice at the same time. A subset Y of a Riesz space X is said to be solid if |x| |y| and y ∈ Y imply that x ∈ Y . An ordered topological vector space is an ordered vector space equipped with a compatible vector topology. A vector topology τ on a Riesz space L is said to be locally solid if there exists a τ -neighborhood base at zero consisting of solid sets. A locally solid Riesz space is a Riesz space equipped with a locally solid vector topology. A seminorm ρ on a Riesz space L is called a Riesz seminorm if |x| |y| implies ρ(x) ρ(y) for any two elements x, y ∈ L. A vector topology on a Riesz space is said to be locally convex-solid if it is both locally solid and locally convex. A locally convex-solid Riesz space is a Riesz space 2010 Mathematics Subject Classification. Primary 46A40; Secondary 06F30 .
Notation and basic concepts
For notation, terminology and standard results concerning topological vector spaces, we refer to [3] , [4] , [8] and [10] ; for notation, terminology and standard results concerning Riesz spaces, we refer to [1] , [2] and [6] . A partially ordered set X is called a lattice if the infimum and supremum of any pair of elements in X exist. A real vector space X is called an ordered vector space if its vector space structure is compatible with the order structure in a manner such that (a) if x y, then x + z y + z for any z ∈ X; (b) if x y, then αx αy for all α 0. An ordered vector space is called a Riesz space (or a vector lattice) if it is also a lattice at the same time. A subset Y of a Riesz space X is said to be solid if |x| |y| and y ∈ Y imply that x ∈ Y . An ordered topological vector space is an ordered vector space equipped with a compatible vector topology. A vector topology τ on a Riesz space L is said to be locally solid if there exists a τ -neighborhood base at zero consisting of solid sets. A locally solid Riesz space is a Riesz space equipped with a locally solid vector topology. A seminorm ρ on a Riesz space L is called a Riesz seminorm if |x| |y| implies ρ(x) ρ(y) for any two elements x, y ∈ L. A vector topology on a Riesz space is said to be locally convex-solid if it is both locally solid and locally convex. A locally convex-solid Riesz space is a Riesz space equipped with a locally convex-solid vector topology. A net (X α ) α∈A is said to be decreasing if α β implies x α x β . The notation x α ↓ x means (x α ) α∈A is a decreasing net and the infimum of the set {x α | α ∈ A} is x. A net (x α ) α∈A in a Riesz space L is said to be order convergent to an element x ∈ L if there exists another net (y α ) α∈A in L such that |x α − x| y α ↓ 0.
Let T be a linear operator between two ordered topological vector spaces (L 1 , τ 1 ) and (L 2 , τ 2 ). T is said to be a positive operator if carries positive elements to positive elements; it is said to be an order-bounded operator if it carries order-bounded sets to order-bounded sets; it is said to be topologically continuous if
it is said to be order-continuous if the net (T (x α )) is order-convergent for every order-convergent net (x α ) in L 1 .
The terminology "locally solid Riesz space" seems to first appear in [7] , although the space is studied in [9] under a different name. A systematic account of the theory can be found in [2] . [11] and [12] give several important results regarding order-topology in the terminology of [10] . The recent paper [5] carries a similar title, but its content is very different from ours and no overlap seems to exist.
Order-bounded subsets of locally solid Riesz spaces
Recall that a subset in a Riesz space is said to be order-bounded if it is contained in some order interval. Clearly, a subset of an ordered bounded set is order-bounded. The next theorem gives some basic properties of order-bounded sets.
Theorem 2.1. Let L be a Riesz space. Then the following statements hold.
(i) An arbitrary intersection of ordered bounded sets is order-bounded.
(ii) A finite union of ordered bounded sets is order-bounded.
(iii) The algebraic sum of two ordered bounded sets is order-bounded.
(iv) A nonzero multiple of an order-bounded set is order-bounded.
A is the canonical projection, then T maps an order-bounded set to an order-bounded set, i.e., T is an orderbounded.
Proof. We only prove (v) as (i)-(iv) are trivial. Since A is an ideal of L, the canonical projection T : L → L/A is a Riesz homomorphism. Thus, T is a positive operator. The conclusion then follows from the fact that every positive operator is order-bounded.
Remark. An arbitrary union of ordered bounded sets need not be order-bounded as the following example shows.
Example 2.1. Consider R equipped with the usual ordering. Then R is a Riesz space. For each positive integer n, the interval [−n, n] is order-bounded. However,
It is known that an order-bounded subset of a locally solid Riesz space (L, τ ) is τ -bounded (Theorem 2.19 of [1] ). The next example shows that this is not true if the ordered topological vector space is not locally solid. It also provides an example of a non-locally solid Riesz space. It is natural to ask whether a τ -bounded set is order-bounded in a locally solid Riesz space (L, T ). The following example shows that the answer is negative even in a locally convex-solid Riesz space.
Example 2.3. Let L be the space of all Lebesgue measurable functions on R with the usual pointwise ordering, i.e., for x, y ∈ L, we define x y if and only if x(t) y(t) for every t ∈ R. Consider the map || · || :
, where x ∈ L. Then || · || is a seminorm. It is easy to see that it is also a Riesz seminorm. Thus, the topology τ generated by ||·|| is locally convex-
We claim that A is not order-bounded. To see this, we proceed by contraposition as follows. If there exists x, y ∈ L such that A ⊂ [x, y], then take z ∈ A and define
It is clear that
In view of the above discussion, one would naturally like to seek a condition under which a τ -bounded subset of L will be order-bounded. The next theorem gives such a condition.
is an ordered topological vector space (hence a locally solid Riesz space) that has an order-bounded τ -neighborhood of zero, then every τ -bounded subset is order-bounded.
Proof. Let N denote the τ -neighborhood base at zero. By hypothesis, there exists V ∈ N such that V is contained in some order interval [ 
Remark. If the hypothesis of Theorem 2.2 holds for a locally solid Riesz space (L, τ ), then L is pseudometrizable as Theorem 2.3 shall show. However, even in a seminormable locally solid Riesz space (L, τ ), a τ -bounded set may not be orderbounded. This is clear from Example 2.3.
Recall that the diameter of a subset E of a pseudometric space (L, d) is defined to be diam(E) = sup{d(x, y) | x, y ∈ E}. We say E has finite diameter if diam(E) < ∞. 
Proof.
(i) Since L is a (Hausdorff) locally solid Riesz space, every order-bounded set in L must be τ -bounded. It follows that an order bounded neighborhood of zero is a τ -bounded neighborhood of zero. Thus, L has τ -bounded neighborhood of zero; hence it is pseudometrizable. The second part follows from the fact that a topologically bounded set in a pseudometric topological vector space has finite diameter.
(ii) The proof is analogous to that of (i). (iii) By hypothesis, every countable subset of E is τ -bounded. Thus E is τ -bounded too. (iv) Let E be an order-bounded subspace of L. Then E is τ -bounded. Therefore, it is contained in the τ -closure of zero. (v) The continuity and linearity of T imply that T maps a τ -bounded set to a τ ′ -bounded set. Since an ordered-bounded set in L is τ -bounded, T maps ordered-bounded sets to τ ′ -bounded sets. If in addition L has an order-bounded τ -neighborhood, Theorem 2.2 shows that a τ ′ -bounded set is order-bounded in M . It follows that T is order-bounded.
Corollary 2.1. Let (L, τ ) be a Hausdorff locally solid Riesz space. Then every order-bounded subspace of L is trivial. Remark 1. The converse of (i) needs not hold, that is, if a subset E of a pseudometric locally solid Riesz space (L, d) has finite diameter, there is no guarantee that E is order-bounded. Indeed, even the extra assumption "locally convex" may not help. Example 2.3 illustrates this. The point is a locally convex-solid Riesz space must be generated by family of Riesz seminorm, i.e., L is a seminormed locally convex space. This implies the existence of a τ -bounded neighborhood of zero. However, such a τ -bounded neighborhood needs not be order-bounded.
Remark 2. The converse of (v) is not true in general. Consider the following example.
Example 2.4. Let L = M be the Hilbert space l 2 of square-summable sequences, τ ′ be the norm topology, and τ be the weak topology σ(L, L ′ ), where L ′ denotes the topological dual of L. Equip M and L with the usual pointwise ordering, that is, for x, y ∈ L = M , x y if and only if x n y n for all n 1. Let T = I be the identity map. Then T is clearly order-bounded. However, T is not topologically continuous. To see this, let < ·, · > denote the inner product on L and e n denote the n-th unit coordinate vector, i.e., e n ∈ l 2 , n-th coordinate of e n is 1, and every other coordinate is zero. Then for every f ∈ L ′ , Riesz representation theorem implies that there exists x 0 ∈ L such that f (e n ) = e n , x 0 . It follows from Bessel inequality that the sequence (f (e n )) converges to 0, implying that the sequence (e n ) converges to 0 in the weak topology. But the sequence (e n ) does not converge in the norm topology. This shows that T is not topologically continuous.
However, we have the following partial converse of (v). Proof. Since (M, τ ′ ) is locally solid, T (V ) is τ ′ -bounded by hypothesis. Thus, for every τ ′ -neighborhood U there exists some λ > 0 such that λT (V ) ⊂ U . It follows from the positive homogeneity of T that T (λV ) ⊂ U . Since U is arbitrary, this shows that T is continuous.
Corollary 2.2. Let (L, τ ) be a locally solid Riesz space with an order-bounded τ -neighborhood, (M, τ ′ ) be a locally solid Riesz space, and T be a positive homogeneous map that maps τ -bounded sets to order-bounded sets. Then T is topologically continuous.
Theorem 2.5. Let (L, τ ) and (M, τ ′ ) be two locally solid Riesz spaces with L being pseudometrizable. If L is an order-bounded τ -neighborhood of zero and M has an order-bounded τ ′ -neighborhood of zero, then every order-bounded operator T is topologically continuous.
Proof. Let T : L → M be an order-bounded operator. By hypothesis and Theorem 2.2, T maps τ -bounded sets in L to τ ′ -bounded sets in M . Since L is pseudometrizable, T is topologically continuous.
Suppose (L i , τ i ), (i = 1, 2) are two ordered topological vector spaces and T : L 1 → L 2 is a linear operator. T needs not be ordered-bounded even if it maps τ 1 -bounded sets to τ 2 -bounded set. Consider the following example.
Example 2.5. Let L 1 be the locally convex-solid Riesz space in Example 2.3 and L 2 be R with the usual topology and the usual ordering. Consider the linear operator
It is easy to see from CauchySchwartz inequality that T maps τ 1 -bounded sets to τ 2 -bounded sets. However, T is not order-bounded. To see this, consider the image of the order interval On the other hand, an order-bounded operator T between two ordered topological vector spaces needs not map τ 1 -bounded sets to τ 2 -bounded sets. Consider the following example.
2 with τ 1 = τ 2 being the usual topology on R 2 . Equip L 1 with the usual ordering and L 2 with the lexicographic ordering, respectively. Consider T = I, the identity map. It is clear that T is order-bounded. However, T does not map τ 1 -bounded sets to τ 2 -bounded sets. To see this, take
, where x = (−1, −1) and y = (1, 1). Then A is a bounded square in L 1 ; hence A is τ 1 -bounded. However, T (A) = A contains uncountably many infinite vertical rays; hence T (A) cannot be τ 2 -bounded.
We conclude this section with an interesting example.
Theorem 2.6. Let {(L α , τ α )} α∈A be a family of nontrivial locally convex-solid spaces, where A is an infinite set. If each L α has an order-bounded neighborhood of zero, then ΠL α has no order-bounded neighborhood of zero.
Proof. By hypothesis, each L α has an τ α -bounded convex neighborhood of zero. Thus, L α is seminormable. Since A is an infinite set, ΠL α is not seminormable; hence it has no topologically bounded neighborhood of zero in the product topology. It follows from Theorem 2.3 that ΠL α has no order-bounded neighborhood of zero.
Order bornology
Recall that a bornology B on a set X is a collection of subsets of X such that (i) if B ∈ B, then every subset of B belongs to B;
(ii) B is closed under finite union; (iii) X ⊂ ∪ B∈B B.
A subset B ⊂ B is called a base for B if for every B ∈ B there exists a B ∈ B such that B ⊂ B. A bornology B on a vector space X is called a vector bornology if the map (x, y) → x + y from X × X to X and the map (λ, x) → λx from R × X to X both maps sets in B to sets in B. A bornology B is a vector bornology if and only if it is closed under finite sum and balanced hulls of its elements still belong to B. If A is a family of subsets of L, then the smallest bornology containing A is also a bornology on L. We call it the bornology generated by A and denote it by B[A]. For example, the collection of all subsets on any set X is a bornology. But the collection of all solid subsets of a Riesz space is not a bornology.
If (X, τ ) is a locally convex space, then the collection of all τ -bounded subsets of X is a bornology on X and is called the canonical bornology. Henceforth, we will use B c to denote the canonical bornology on a topological vector space. If (L, τ ) is a locally solid Riesz space, then the collection of all order-bounded sets is evidently a bornology. To our best knowledge, this bornology has not been explored in the literature. We will call this bornology the order bornology on L and denote it by B o . The next theorem gives several properties of the order bornology on a locally solid Riesz space. Proof.
(i) This follows from the fact that every order bounded set is contained in an order interval.
(ii) This is trivial since every order-bounded set is τ -bounded in a locally solid space. (iii) Following the same line of reasoning as in (ii), we see that the smallest order bornology containing K is a τ -bounded bornology containing K. Thus, the conclusion follows. The second part follows from Theorem 2.2. (iv) Every finite sum of order-bounded sets in L is evidently order-bounded.
Also, let B be an order-bounded set. Then the balanced hull of B is given by ∪{λB | |λ| 1}. It follows that the balanced hull of B is order-bounded too. Therefore, B o is a vector bornology on L.
Let {L α , τ α } α∈A be a family of locally solid Riesz spaces. It is known that if the cartesian product L = α∈A L α is ordered componentwise and equipped with the product topology, then L is a locally solid Riesz space. If E α is an ordered subset of L α for each α ∈ A, then α∈A E α is order-bounded in L. It is easy to see that the cartesion product of order bornologies B o α , (α ∈ A) gives rise to a natural product bornology on L. Thus, we have the following theorem. 
